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Introduction
Within the Ice Sheet Model Intercomparison Project
(ISMIP) the inter-comparison of higher-order models (ISMIP-
HOM, coordinated by Frank Pattyn [1]) is addressed to tests
that demand a, compared to the shallow ice approximation
(SIA), enhanced numerical approach. The FE open source
code Elmer [2] solves the complete Stokes equation and hence
is well suited for all experiments defined within ISMIP-HOM.
Most interesting findings on the results are discussed below.

Governing Equations and Boundary Conditions
continuity: ∇ · u = trD = 0

momentum: ρ
du

dt
= 2η∇ ·D −∇p + ρg ,

free surface:
∂zs

∂t
+ u⊥ ·∇⊥zs = uz + a ∀ z = zs(x, y, t)

slip condition
at bedrock: tx/y · u|b = Asτb x/y

Geometry and Boundary Conditions
Sinusoidal distribution of the bedrock elevation zb (Exp. A) and the inverse
of the slip coefficient A−1

s (Exp. C)

The corresponding 2d experiments
(B and D) evaluate the values at
y/L = 1/4.

Mesh: layered mesh 60 × 60 × 30,
hexahedral elements (Exp. A,C),
240 × 120, quadri-lateral elements
(Exp. B,D)
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Numerical settings
Stabilization either by Stabilized Finite Elements [3] or Resid-
ual Free Bubbles [4].
Linear system solution either iterative using Bi-conjugate
Gradient Method [5] or direct by UMFPACK [6]

Experiments A/B (bumpy bedrock)
Comparison between 3d (solid line, Exp. A) and 2d (dashed line, Exp. B)
run on sinusoidal bedrock with different wavelengths
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For L = 5 km Exp. B shows an increased and to the bedrock elevation anti-
correlated downhill velocity (UX). This might be explained that in Exp. B,
the displacement at the short wavelength gets too large to be compensated
by the vertical flow, thus resulting in higher velocities (mass conservation).
This shift in behavior does not occur in Exp. A.

Experiments C/D (ice stream)
Discontinuity of ∆p(zb) = p(zb) − ρ g H (DP) at x = 3L/4 (little b/w
figure) observed for Exp. C (dashed line) and Exp. D (solid line)
The discontinuity
was found for 2d
and 3d case and
whatever the mesh
discretization was.
The larger color
picture of the devia-
toric stress indicates
that σxx changes
sign at x = L/4
and x = 3L/4 from
bed to surface, and
that its horizontal
gradient is very
high.
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Experiment E (Arolla glacier flowline)
Different oscillatory behavior of the pressure depending on element order
Oscillations in ∆p(zb) at
the section boundaries (in-
dicated by the circles ob-
tained from a solution on
a very coarse grid) occur
for runs of Exp. E1 using
linear elements (magenta
line). The 2nd-order so-
lution, which smears out
the discontinuities of the
surface normal at the sec-
tion boundaries, is smooth
(cyan line).
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Experiment F (free surface flow over bump)
Surface elevation zs [m] (ZS) and downhill velocity ux [m a−1] (UX)
of the two experiments F0 (upper row) and F1 (lower row)

Exp F0 − ZS
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Steady state solution is
reached by transient run
with steady boundary
conditions until change
of surface zs falls below
a given numerical thresh-
old. Relative mass-
loss in both experiments
is within the numeri-
cal accuracy and occurs
mainly within the first
time steps, when tem-
poral gradient d zs/d t is
largest.

Numerical Performance
CPU time consumption vs. degrees of free-
dom, for experiments A, B, C and D
Power regressions y = 0.0006x1.27 (solid)
and y = 0.013x1.11 (dotted) are inserted
(dashed and dash-dot lines parallel to the
3D regression line with exponent divided by
4 and 16). Stars indicate results for parallel
runs for experiment A with L = 5 km with
the annotated number of processors.

102 103 104 105 106

Degrees of Freedom

100

102

104

CP
U

 (s
)

A
C
B
D 4

4
16

O(xlog(x))

Nomenclature: u = (ux, uy, uz)
T. . . velocity vector, ρ. . . mass

density of ice, p. . . dynamic pressure, D. . . strain-rate, η. . . viscosity,
t. . . time, g. . . acceleration due to gravity, zs/b = f (x, y). . . z-coordinate
of free surface/bedrock, a. . . accumulation/ablation, tx/y. . . tangential
vector aligned with x/y-direction at bedrock, As. . . slip coefficient,
(•)⊥. . . quantity evaluated in x − y plane only, (•)s/b. . . evaluated at free
surface/bedrock
download: http://staff.csc.fi/zwinger/data/egu2007_poster.pdf
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